Abstract. In this paper, we determine the behavior of the c-nilpotent multiplier of Lie algebras with respect to the direct sums. Then we give some results on the c-capability of the direct sum of finite dimensional Lie algebras.
Motivation and Introduction
Let L be a Lie algebra presented as the quotient algebra of a free Lie algebra F by an ideal R. Then the c-nilpotent multiplier of L, is defined to be . This is analogous to the definition of the Baer-invariant of a group with respect to the variety of nilpotent groups of class at most c given by Baer in [1] (see [5, 6, 7, 10, 18] for more information on the Baer invariant of groups). The 1-nilpotent multiplier of L, is the more studied as the Schur multiplier of L, M(L) = R ∩ F 2 /[R, F ], (see for instance [2, 3, 4, 12, 17] ). It is proved that the Lie algebra M (c) (L) is abelian and independent of the choice of the free Lie algebra F.
Looking [2, 3, 4, 5, 12, 14, 15] show that the behavior of the Schur multiplier with respect to direct sum of two Lie algebras, may leads us to have more results on the Schur multiplier of a Lie algebra. From [11] , the formula of the Schur multiplier for the direct product of two groups is well known. Later, the same result for the direct sum of two Lie algebras was proved in [4, 19] . Moghaddam in [10] extended this result for the c-nilpotent multiplier of the direct product of two groups and also Ellis improved the result of Moghaddam in [7] . The last two authors in [15] showed the behaviour of the 2-nilpotent multipliers respect to the direct sum of two Lie algebras. Recently, Salemkar and Aslizadeh obtained a formula for the c-nilpotent multipliers of the direct sum of Lie algebras whose abelianizations are finite dimensional (see [20, Theorem 2.5] ) and also generalize it for arbitrary Lie algebras, in the case c + 1 is a prime number or c + 1 = 4 which is a strong restriction (see [20, Theorem 2.9] ). Here, we intend to generalize the result of Salemkar et. al. to the c-nilpotent multipliers for any arbitrary c, and then we give some results concerning the c-capability of the direct sum of Lie algebras.
2. The c-th term of the lower central series of free product of two Lie algebras
In this section, we are going to obtain the formula of the c-th term of lower central series of free product of two Lie algebras. The definition of basic commutators plays a fundamental role in obtaining our main results.
Following Shirshov [21] for a free Lie algebra L on the set X = {x 1 , x 2 , . . .}. The basic commutators on the set X defined inductively as follows.
(i) The generators x 1 , x 2 , . . . , x n are basic commutators of length one and ordered by setting 
The basic commutators of length t follow those of lengths less than t. The basic commutators of the same length can be ordered in any way, but usually the lexicographical order is used.
The number of all basic commutators on a set X = {x 1 , x 2 , . . . x d } of length n is denoted by l d (n). Thanks to [21] , we have Theorem 2.1. Let F be a free Lie algebra on a set X, then F c /F c+i is an abelian Lie algebra with the basis of all basic commutators on X of lengths c, c+1, . . . , c−i+1
The following definition is vital and will be used in the rest. 
where P i = A or P i = B. In fact, (A * B) c is the subalgebra generated by all the basic commutator subalgebras [P 1 , . . . , P c ] λ such that λ ∈ M. We claim that
.
Now, we show that (A * B) c+1 is an ideal of A * B. Let y ∈ A * B and
c is an ideal and result follows.
We give the structures of the (c + 1)-th term of the the lower central series of a free product of two Lie algebras. 
Now, we show that
It completes the proof.
The next step gives a generating set for (F 1 * F 2 ) c+1 in terms of the free generators of F 1 and F 2 .
Proposition 2.5. Let F 1 and F 2 be two free Lie algebras generated by the set X and Y, respectively, and
are the abelian Lie algebras with the basis of all basic commutators of weight c + 1 on X ∪ Y, X and Y, respectively. We conclude that ( (
is an abelian Lie algebra with the basis of all basic commutators λ of weight c in the X ∪ Y which involve at least one x i and at least one y i , as required. Corollary 2.6. Let F 1 and F 2 be two free Lie algebras generated by X and Y with d 1 and d 2 elements, respectively, and F = F 1 * F 2 . Let S be the set of all basic commutators λ of weight c in the X ∪ Y which involve at least one x and at least one y. Suppose that the order is defined as x i < x j < y t < y d for i < j and t < d, where
Proof. S is the set of all basic commutators λ of weight c in the X ∪ Y such that λ is not basic commutator of weight c on the set X or Y. By Theorem 2.1, dim S = l d1+d2 (c) − l d1 (c) − l d2 (c). The result follows.
Corollary 2.7. Let F 1 and F 2 be two free Lie algebras generated by the set X and Y, respectively, and F = F 1 * F 2 . Let S be the set of all basic commutators λ of weight c + 1 on X ∪ Y which involve at least one x i and at least one y i . Let we have the order x i < x j < y t < y d for i < j and t < d, where
Proof. By Proposition 2.5, we have ( (F
1 * F 2 ) c+1 +F c+2 )/F c+2 = ( S +F c+2 )/F c+2 and so (F 1 * F 2 ) c+1 + F c+2 = S + F c+2 . Thus (F 1 * F 2 ) c+1 = ( S + F c+2 ) ∩ (F 1 * F 2 ) c+1 = ( (F 1 * F 2 ) c+1 ∩ F c+2 ) + S .
By Propositions 2.4, (F
1 * F 2 ) c+1 = F c+2 1 + F c+2 2 + (F 1 * F 2 ) c+2 ∩ (F 1 * F 2 ) c+1 + S = F c+2 1 + F c+2 2 ∩ (F 1 * F 2 ) c+1 + (F 1 * F 2 ) c+2 + S , as required.
The c-nilpotent multiplier of a direct sum of Lie Algebras
In this section, we study the c-nilpotent multiplier with respect to the direct sum of two Lie algebras, and then we give some results on the c-capability of the direct sum of two Lie algebras. The techniques are used here are based on the notion of free products of Lie algebras and the expansion of an element of a free Lie algebra in terms of basic commutators. Every element of a free Lie algebra can be expressed as a sum of some basic commutators. For the elements of a free product of two free Lie algebras also we have a similar expression except that the basic commutators are on the union of the bases of the two free Lie algebras taken to form the free product. It is easy to see that the free product of two free Lie algebras is actually a free Lie algebra on the disjoint union of the bases of the two chosen free Lie algebras (see [21] for more details). Let L 1 and L 2 be two Lie algebras with the following free presentations
respectively. Then the free presentation of the direct sum L 1 ⊕ L 2 is given in the following.
Lemma 3.1. [15, Lemma 2.1] Let F = F 1 * F 2 be the free product of two free Lie algebras F 1 and
The following lemma plays a key role in the main result, also it is different from [20, Proposition 2.1], since we use the concept of free products in order to obtain the free presentation of a direct sum of Lie algebras. By applying Lemma 3.1 and the above notation, we can compute the c-nilpotent multiplier of L 1 ⊕ L 2 in terms of F i 's and R i 's as follows
which is induced by the canonical homomorphism from
Then we have
where K = kerη.
Proof. Let F = F 1 * F 2 . Then the epimorphism F → F 1 × F 2 induces the above epimorphism η. Consider the map β :
Clearly, β is a welldefined homomorphism. It is easy to see that β is a left inverse to η in 3.1. Therefore the sequence
splits and the result holds.
We recall that Now we compute the kernel of the epimorphism η in 3.1.
be the epimorphism defined in 3.1. Then
The following corollary is an immediate consequence of Lemma 3.2 and Theorem 3.3.
Lemma 3.5. Let F 1 and F 2 be two free Lie algebras generated by the set X and Y, respectively, and F = F 1 * F 2 . Let S be the set of all basic commutators λ of weight c + 1 on X ∪ Y which involve at least one x i and at least one y i . Let we have the order x i < x j < y t < y d for i < j and t < d, where
Proof. By Corollary 2.7, we have (
Similar to the following definition is found in [7] . Definition 3.6. Let c ≥ 1, K and H be two abelian Lie algebras with bases {a i } i∈I and {b j } j∈j , respectively. Let we have the ordering K < H and the set of basic commutators of weight c on the letters K and H which contains at least one H and one K, is denoted by S 1 . We define
where
Note that descriptions of τ (K, H) c follows from basic properties of the tensor products of abelian Lie algebras and the definition of basic commutators.
Multi linearity of the generating elements of (
Lemma 3.7. With the previous notations and assumptions in Proposition 2.5, we
Proof. By Lemma 3.5, we have obviously, the map α 1 : (
] is a Lie homomorphism too. Now η 1 η 2 and η 2 η 1 are identity, so the result follows.
The following theorem generalized [20, Theorems 2.5 and 2.9] and states a formula for the c-nilpotent multiplier of a direct sum of two arbitrary Lie algebras without any restriction on c. 
The result follows immediately from Corollary 3.4 and Lemma 3.7.
The c-capability of a direct sum of finite dimensional Lie Algebras
In this section, we are going to determine the c-capability of all abelian Lie algebras. Then we discuss on the c-capability of a direct sum of a finite dimensional non-abelian Lie algebra and an abelian Lie algebra.
Recall that from [18] a Lie algebra L is c-capable if there exists some Lie algebra H such that L ∼ = H/Z c (H), where Z c (H) is the c-th center of K. Evidently, L is 1-capable if and only if it is an inner derivation Lie algebra, and L is c-capable (c ≥ 2) if and only if it is an inner derivation Lie algebra of a (c − 1)-capable Lie algebra. In [18] , the c-epicenter of a Lie algebra L, Z * c (L), is defined to be the smallest ideal M of L such that L/M is c-capable. For c = 1, the 1-epicenter of L is equal to Z * (L) for a Lie algebra L was defined in [16] . It is obvious that Z * The following results show that the capability of the direct product of a nonabelian Lie algebra and an abelian Lie algebra depends only on the capability of its non-abelian factor. 
